With the aim of contributing to the improvement of subgrid-scale gravity wave (GW) parameterizations in numerical-weather-prediction and climate models, the comparative relevance in GW drag of direct GW-mean-flow interactions and turbulent wave breakdown are investigated. Of equal interest is how well Wentzel-Kramer-Brillouin (WKB) theory can capture direct wavemean-flow interactions, that are excluded by applying the steady-state approximation. WKB is implemented in a very efficient Lagrangian ray-tracing approach that considers wave action density in phase-space, thereby avoiding numerical instabilities due to caustics. It is supplemented by a simple wavebreaking scheme based on a static-instability saturation criterion. Idealized test cases of horizontally homogeneous GW packets are considered where wave-resolving Large-Eddy Simulations (LES) provide the reference. In all of theses cases the WKB simulations including direct GW-mean-flow interactions reproduce the LES data, to a good accuracy, already without wavebreaking scheme. The latter provides a next-order correction that is useful for fully capturing the total-energy balance between wave and mean flow. Moreover, a steady-state WKB implementation, as used in present GW parameterizations, and where turbulence provides, by the non-interaction paradigm, the only possibility to affect the mean flow, is much less able to yield reliable results. The GW energy is damped too strongly and induces an oversimplified mean flow. This argues for WKB approaches to GW parameterization that take wave transience into account.
The parametrization of gravity waves (GW) is of significant importance in atmospheric global 41 circulation models (GCM), in global numerical weather prediction (NWP) models as well as in 2. Theoretical background 101 We are starting out from the compressible 2-dimensional Euler equations without rotation, which 102 describe the evolution of the fluid in the x − z plane:
where g is the gravitational constant, c p denotes the heat capacity at constant pressure, R is the 
where k is a constant horizontal wavenumber, always assumed to be positive, the local phase ϕ 123 defines the local vertical wavenumber m = ∂ ϕ /∂ z and the local frequency ω = −∂ ϕ /∂t. The 124 wave amplitude F w , the local frequency and vertical wavenumber, similarly to the large-scale 125 background f b (z,t), are depending only slowly on z and t.
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The WKB approximation at the next order leads to the wave action conservation equation
where c gz = ∂ ω/∂ m = ∂ω/∂ m is the vertical group velocity and A = E w /ω is the wave action one derives a prognostic equation
for the vertical wavenumber. A solution method for the field equations (8) and (10) is the ray 132 technique, observing that along characteristics, so-called ray trajectories, defined by dz/dt = c gz ,
133
wavenumber and wave action density satisfy the ray equations
where the dispersion relation (6) is used to calculate the local intrinsic frequency and hence the 135 group velocity. By definition there is a unique wavenumber and a unique frequency at each vertical 136 location.
137
The system is closed by a prognostic equation for the mean flow. with * denoting the complex conjugate, and thus
The problem with these equations (11) - (15) is that, after initialized from some fields of m,
141
A , and u b , they very often lead to so-called caustics, where wavenumber, frequency, and wave- by wavenumber and position, here m and z, one introduces a wave-action density
with δ denoting the Dirac delta function. It can then be shown that
and, since
In this representation wavenumber is not a prognostic field, but a coordinate. 
i.e. one keeps the conserved phase-space wave-action density along ray trajectories. For diagnostic 159 purposes one can also determine the superposition of constituting wave-action densities
and the corresponding total wave energy density
The ray equations are to be coupled to a mean flow equation with a wave impact that is the super- 
and thus
In a nutshell, the GW field and the mean flow are coupled and have an impact on the time evolution 
Comparison with (7) shows that this occurs in a locally monochromatic GW field if |m||B w | > N 2 185 or, using Eq. (9),
We transfer this from the locally monochromatic situation to the spectral treatment represented by 187 the phase-space approach by taking Eq.(22) into consideration, suggesting 
with the turbulent eddy diffusivity coefficient K(z). By Fourier transformation in space and inte-201 gration over a short time interval ∆t one obtains as change of the buoyancy amplitude
Employing identical eddy viscosity and diffusivity an analogous equation
can be derived for the wave amplitude. Hence after a saturation step
and thus the turbulent eddy diffusivity is computed as
discussed in section 3c.
207
In summary, the weakly nonlinear coupled GW-mean-flow equations (11) 
where 
to setting the wave-action-density profile there to 
240
This implies a reference density profile
where H ρ is the density scale height. Some of the test cases involve a prescribed background jet 242 as an initial mean flow with a half-cosine wave shape
where u 0 is the maximal magnitude of the jet initialized at height z u , and ∆ u is the width (i.e.
244
vertical extent) of the half cosine shape. In these cases the wave-induced mean flow is diagnosed by the constant horizontal wavenumber yields, without saturation scheme,
Therefore, comparing with (24), one obtains
so thatû b is in the absence of wave breaking the residual between kA /ρ, often termed the wave-
251
induced wind, and its initial value.
252
The GW packets are initialized with a Gaussian or a cosine shaped buoyancy amplitude envelop 253 in the vertical direction, i.e.
where z 0 is the height of the wave envelop maximum, m 0 is the initial vertical wavenumber and 
In the transient WKB simulations (we introduce this terminology for the non-steady-state WKB 263 simulations) the GW packets are initialized via the corresponding monochromatic phase-space
As a numerical representation of Eq. (45), the initial phase-space wave action density is set as: i.e. at a resolution three times coarser than the reference LES (see further details in Table 1 and   278 2). Both LES and WKB simulations with an increased resolution have been performed without 279 observing significant changes in the results, which confirms that a convergence in the numerical 280 results has been reached with the resolution described above. 
299
In addition the mean flow equation (24) is solved using simple centered differences on the vertical to that study, the reference density profile (37) has been implemented and used in the mean flow was necessary given the realistic growth of wave amplitudes, which are due to the quasi-realistic 330 density profile, and which are essentially non-periodic in vertical.
331
The wave-breaking parametrization has been implemented only in the Lagrangian model, since 332 it is much more efficient than its Eulerian counterpart (see section 4a) and thus this is the WKB 333 variant intended for future numerical studies. In the Lagrangian framework the analytical criterion
334
(27) is to be rewritten as
Here N i r is the number of ray volumes overlapping with layer i of the Lagrangian WKB model, 
where m j1 and m j2 are the edges of the j-th ray volume in m-direction so that m j2 − m j1 = ∆m j .
342
The factor 
If the saturation criterion is fulfilled in the i-th layer, the wave amplitude is reduced following (30) 346 with ∆t being the numerical time-step and K i being the discretization of (32). The wave-action 347 density after the saturation step then is The refraction of a hydrostatic GW packet (λ x0 = 10km, λ z0 = 1km) by a jet has been studied 
which in the current case gives u re f l = 25.8ms −1 . To achieve a reflection with full certainty and 387 also to validate the models under strong-gradient conditions u 0 = 40ms −1 > u re f l was chosen for 388 our next case REFL (see details in Table 1 ). Note, that reflection also implies caustics, and thus
389
could not be properly handled with a conventional ray.tracer. Also, reflection is a great challenge if a jet speed maximum of u 0 = 9.75ms −1 ≈ u re f l is set (see case PREFL in Table 1 ). As shown 416 in Fig.4a , the GW packet in the LES is only partially reflected and a part of the wavepacket is 417 just refracted by the jet. This is due to the fact that Eq.(52) is a linear estimate for u re f l while the coupled mode -predicts full reflection if a Boussinesq reference medium is used (Fig.4d) . In this 
Insertingṁ from (10), and assuming a vanishing wave-action-density flux at the boundaries, yields
From (24), however, one finds that the time derivative of the mean flow kinetic-energy density
and hence the sum of wave energy and mean flow kinetic energy is conserved if the fluxes 
and their sumĒ tot =Ē w +Ē m . To do so we visualize normalized values
In the first case a Gaussian-shape hydrostatic wavepacket (λ x0 = 30km, λ z0 = 3km) travels up-
457
wards and becomes statically unstable during the course of its evolution (see case STIH in Table   458 2). The results for this case are shown in Figs. 5a-d in terms of normalized integrated energy. The 459 wave-breaking effect can be recognized in Fig. 5a at a decay of the total energy that is not visible with α = 1 (Fig. 5c) , the GW energy, and hence also the total energy, gets reduced earlier than 462 in the LES and also results in too weak an induced mean flow in the end. The total energy and 463 the mean flow energy can be brought into better agreement with the LES by using the saturation 464 scheme with α = 2 (see Fig. 5d ). The value α > 1 suggests that the static-instability criterion as 465 applied in this study is too strict, i.e. mimics wave breaking too early/strongly. This is presumably 466 due to the neglect of the wave phase in the saturation scheme. Finally, by looking at Fig. 5a , it is 467 apparent that except for the uppermost 10km in the induced wind, the transient WKB simulation
468
reproduces the LES vertical structures already relatively well even without the wave saturation 469 parametrization.
470
The evolution of a Gaussian-shape non-hydrostatic GW packet (λ x0 = λ z0 = 1km) is discussed 471 next, which evolves quickly into a statically unstable regime, due to its high initial amplitude factor 472 a 0 = 0.9 (case STINH in Table 2 ). The normalized energies of the LES in Fig.6a imply a decay of 473 total energy that saturates by t ≈ 2N −1 . This is not reproduced completely by the transient WKB 474 simulation (Fig. 6b) . By switching on the wave-breaking parameterization, however, with α = 1.4 475 the LES results are met rather well (Fig.6c) . As a reference the results on the energetics from the 
484
The next case involves a cosine-shape non-hydrostatic GW packet (λ x0 = λ z0 = 1km), which 485 becomes modulationally unstable during its evolution, i.e. its vertical wavelength grows beyond 486 its horizontal wavelength so that |m| < |k|/ √ 2 (see case MI in Table 2 ). In this regime the wave- (Figs. 7c, dashed curves) , however, are also quite acceptable.
498
Finally a hydrostatic GW packet (λ x0 = 10km, λ z0 = 1km) reaching a critical layer is studied. An 499 easterly jet with a maximum of u 0 = −11ms −1 is prescribed at z u = 25km, so that without wave 500 impact on the mean flow the intrinsic phase velocity would vanish at around 22 − 23km height (see 501 case CL in Table 2 ). The transient WKB simulation without saturation scheme seems to slightly 502 overestimate the mean flow energy compared to the LES, (Figs. 8a-b) , which can be removed by 503 switching on the saturation scheme with α = 1 (Fig. 8c) . This value of α suggests that in case of 504 a critical layer, GWs tend to break as predicted by classic static-instability criteria.
505
Our results suggest that wave breaking is of secondary importance in comparison with the direct 
Summary and Conclusions

522
The steady-state approximation to WKB theory used nowadays in GW-drag parameterizations 523 implies that the only GW forcing on the mean flow is due to wave breaking. Transient GW-mean- LES, thereby assessing the reliability of the methods employed.
532
The WKB algorithms used allow the simulation of transient GW development. In both variants,
533
Eulerian or Lagrangian, the mean flow is fully coupled to the wave field. This is enabled by a 534 spectral approach, employing wave-action density in position-wavenumber phase-space, the key 
557
The pattern observed in our simulations is quite clear: whenever a wave-impact on the mean 558 flow is observed, the direct GW-mean-flow interactions dominate over the wave-breaking effect.
559
It is important that these interactions depend on wave transience. Without the latter they would order, at least as far as the spatial distribution of wave energy and mean wind are concerned.
568
Turbulence acts to next order and ensures the correct dissipation of total energy.
569
Turbulence without direct GW-mean-flow interactions, however fails to explain the LES data: 
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